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Celebrated Mermin-Wagner-Hohenberg and Bogolyubov's 1/q 2 theorems forbid spontaneous symmetry breaking in two-dimensional (2D) systems of continuous symmetry [1] . Therefore, there is no spontaneous magnetisation in the 2D XY and Heisenberg models for temperatures T ≠ 0. This well-known fact does not concern the above models on lattices of finite size L. In applied research this can concern the case of thin ferromagnetic films (always finite in practice) [2] and some other objects. On the other hand models of finite size are highly important for analysing Monte Carlo simulations which are restricted to finite lattices as well.
The presence of residual magnetisation in the finite XY and Heisenberg models in 2D can be simply argued by the obvious fact that in finite systems transition to the ordered phase at T=0 (when all spins of the XY and Heisenberg models are pointed in the same direction) cannot be discontinuous. But besides this trivial prediction other interesting phenomena can occure like the quasi-long-range ordering (QLRO) in the 2D XY model [3] . A challenging question is whether QLRO is possible in the Heisenberg model in two dimensions or not. Although it is commonly believed that it is not possible due to the absence of stable topological defects, there are still some contrary arguments [4] .
Here we summarize resent analytic and Monte Carlo results for the XY and Heisenberg models on finite twodimensional lattices. The analytic approach is based on the spin-wave approximation (SWA) which is known to give a good estimation of the exact characteristics of the 2D XY model at low temperatures [5] . Although the reliability of the SWA for the two-dimensional Heisenberg model of infinite size is not proven we assume that it holds for a finite lattice. We pay attention to the magnetisation as a function of lattice size and to the spinspin correlation function as a function of distance between sites. In order to support the analytic treatment we present results of Monte Carlo simulations of the XY and Heisenberg models on two dimensional lattices of different sizes that we have performed for different values of temperature. Moreover we show the results of our Monte Carlo similations of the 2D XY model with quenched structural dilution.
The generalized Hamiltonian for both the XY and Heisenberg models can be written as 
The low-temperature behaviour is deeply connected to the symmetry of the models. In the 2D XY model rotations of spins form an Abelian group that allows formation of stable topological defects like spin vortices. In this sense it can be called an Abelian model in contrast to non-Abelian ones. The 2D Heisenberg model is non-Abelian and therefore there are no stable topological defects and as a consequence no QLRO in the infinite system.
The quantities we pay attention to in the present work are the magnetisation M:
and the spin-spin correlation function G 2 (R): Then a scalar product of two Heisenberg spins reads:
Since our work concerns low temperature properties, we can assume all the spins of the XY and Heisenberg models being pointed approximately in the same direction. This assumption means that all angles r ϑ and
stay small. Therefore the spin-wave approximation (SWA) can be applied, i. e. we can expand the trigonometric functions in (4) and (5) 
The Hamiltonian of the Heisenberg model in the SWA can be expressed through (7) as well:
It has been proved that the SWA gives a quite nice estimation to the true low-temperature behaviour of the 2D XY model in the thermodynamic limit. Although the behaviour of the infinite 2D Heisenberg model at low temperatures is believed to be quite different, we can assume that for finite lattices the SWA will give reliable result for the low-temperature characteristics of the model.
In the case of the 2D XY model, the asymptotic behaviour of the spin-spin correlation function is well known [5] :
with . The finiteness of the lattice causes a neglegible correction to the exponent . The magnetisation in the model on a finite lattice decays with the linear size according to a power law [6] :
with the same exponent that stands in (9) . 
with . It is important to stress here that this result can be obtained analytically only if the temperature is taken in the limit but the lattice remains finite. This is due to the fact that are not independent variables, but can be considered as independent only when the temperature approaches zero [7] .
A similar outcome can be obtained for the magnetisation of the 2D XY model as a function of the linear lattice size :
with the same that stands in the correlation function (12).
Heis η
To check the above analytic results we have performed Monte Carlo simulations of the Heisenberg spin model on lattices of different sizes and at different temperatures. The Wolff's cluster algorithm was used for this purpose [8] . The exponent η (Fig. 1) was obtained on the base of three different observables, analysing the finite size scaling of the magnetisation, , the pair correlation function, , and the magnetic susceptibility, . All three quantities were computed at different temperatures for varying system sizes, giving access to a temperature dependent exponent ) (T η . Power-law scaling found for all three quantities , and supports M G 2 χ the presence of a QLRO phase found by analytic considerations.
Moreover we have performed Monte Carlo simulations of 2D XY-spins on regular and diluted lattices [9] using the same Wolff's cluster algorithm. According to Harris criterion [10] , disorder is irrelevant at the BKT (Berezinskii-Kosterlitz-Tholess) transition of the twodimensional XY model. As a consequence, the universality class is unchanged (η = ¼) at the transition but randomness has a strong influence at low temperature in the critical phase of the model. To study this effect numerically, we have to average the physical quantities over many realizations of disorder. For each realization, we discarded typically 10 5 sweeps for thermalization, and the measurements were performed with typically 10 5 production sweeps. Disorder averages were then performed using typically 10 3 samples. The boundary conditions were chosen periodic.
The quantity we call magnetisation is the thermodynamic average of the real instant magnetisation which varies, for a given realization of disorder, from one MC iteration to the next. There are reasons to investigate the distribution of instant magnetisation, since it can give some information about the inner nature of the model. A convenient way to display this distribution is to draw a ring function which can be defined in the following way: it is obtained when one plots the successive values of the magnetisation (for each Monte Carlo step) in the plane (m x , m y ) where m x and m y are the two components of magnetisation (Fig. 2) .
The shape of the ring functions shows clear nonGaussian character as the temperature increases which lies in the fact that more points are situated in the inner region of the rings. As it should be, the mean magnetisation tends to zero with increase of temperature in both pure and diluted systems. The "diluted" ring functions are always smaller, since we consider magnetisation per site taking all sites into account, even those which are vacant.
The finite size scaling of the magnetisation, Eq.(10), can be deduced from the study of the ring functions for different sizes of the lattice. Thus we obtain the Monte Carlo result for the exponent of the pair correlation function of a diluted system. In this case it will depend on concentration of dilution. Again we have nice agreement between Monte Carlo and the perturbation expansion for the spin-wave approximated Hamiltonian which gives [11] 
where c is the concentration of magnetic sites.
We have presented both analytic and Monte Carlo approach to investigate finite two-dimensional spin models of continuous symmetry. The region of applicability of our analytic treatment is restricted to low temperatures only, since we work in the SWA.
The results of the Monte Carlo simulations are found in good agreement with the analytic results in a wide range of low temperatures. We continue to work in this direction applying structural disorder to the Heisenberg model in two dimensions and introducing also correlated impurities in both models. The potential goal of this kind of research is to discover the exact nature of interaction of non-magnetic impurities with topological defects and as a consequence their influence on the QLRO phase characteristics. While some steps in this direction in Monte Carlo simulations can be found in literature, a reliable analytic approach to the problem is not developed up to our knowledge. This work was supported by the CNRS-NAS exchange program.
